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Abstract 

Closed form expressions in terms of multi-sums of products have been given in 13, 16 of integrals 
of sine-Gordon, modified Korteweg-de Vries and potential Korteweg-de Vries maps obtained as so- 
called (p, — l)-traveling wave reductions of the corresponding partial difference equations. We prove 
the involutivity of these integrals with respect to recently found symplectic structures for those maps. 
The proof is based on explicit formulae for the Poisson brackets between multi-sums of products. 

1 Introduction 

Integrable systems boast a long and venerable history. The history dates back to the 17th century 
with the work of Newton on the two body problem. The notion of integrability was first introduced 
by Liouville in the 19th century in the context of finite dimensional continuous Hamiltonian systems. 
Since then, it has been expanded to classes of nonlinear (partial) differential equations, see for example 
[HE]. More recently, there has been a shift of interest into systems with discrete time, e.g. integrable 
ordinary difference equations (or maps) and integrable partial difference (or lattice) equations. Some of 
the first examples of discrete integrable systems appeared in [3 [11]. And a classification of integrable 
lattice equations defined on a elementary square of the lattice has recently been obtained [I], based 
on the notion of multi-dimensional consistency. For maps there is the notion of complete or Liouville- 
Arnold integrability [21 002]) analogues to the same notion for continuous systems. Briefly speaking, 
a mapping is said to be completely integrable if it has a sufficient number of functionally independent 
integrals that are in involution, that is, they Poison commute. 

In this paper we study the involutivity of integrals of a certain class of integrable maps related to 
the fully discrete sine-Gordon, modified Korteweg-de Vries (mKdV) and potential Korteweg-de Vries 
(pKdV) equations. These maps arise as travelling wave reductions from the corresponding lattice 
equations. Such maps typically come in an infinite family of increasing dimension, and for this reason 
it is not feasible to calculate Poisson brackets one by one and show that they all vanish. One way to 
circumvent this problem is to use the so-called Yang-Baxter structure, and that is the approach taken in 
[3j[9]. This approach was used to prove the involutivity of integrals for the so-called (p, — p)-reduction of 
the lattice pKdV equation. We refer to |10[ll5j for the background on (p, (^-travelling wave reductions. 
In this paper we study (p, — l)-reductions and we take a different approach. Starting from recently 
found symplectic structures [12] , and recently obtained closed- form expressions in terms of multi- 
sums of products for integrals of our family of sine-Gordon, mKdV and pKdV maps [13 [13], we proceed 
to prove involutivity of the integrals directly, using explicit formulae for the Poisson brackets between 
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multi-sums of products. These formulae will be proven by induction on the number of variables, that 
is, on the dimension of the maps. 

Recall, cf. [2j [T7], that a 2n-dimensional discrete map L : x (->■ x is said to be completely 
integrable if: 

• there is a 2n x 2n anti-symmetric non-degenerate matrix f2 satisfying the Jacobi identity 

( Q Q d \ 

such that dL(x)£l(x)dL T (x) = S2(a/), where is the Jacobian of the map, dLjj := 

• there exist n functionally independent integrals I\,I 2 , . . . ,I n satisfying {I r ,I s } x = for all 1 < 
r,s < n, where the Poisson bracket is defined by 

{f,g}x = VM.a.(y*(g)f, (i) 

with V x = , , . . . , q^- . Note that we will encounter several (related) Poisson brackets 
which are distinguished by the label x denoting the coordinates in which the bracket is expressed. 
Also, V z will always have the right number of components. 

The families of ordinary difference sine-Gordon, mKdV and pKdV equations are given as follows, 

PS 03] 

sine-Gordon : ai(v n v n+p+ i - v n+ iv n+p ) + a 2 v n v n+1 v n+p v n+p+1 - a 3 = 0, (2) 

modified KdV : Pi(v n v n+P - v n+1 v n+p+1 ) + f3 2 v n v n+1 - f3 3 v n+p v n+p+1 = 0, (3) 

potential KdV : (v n - v n+p+1 )(v n+1 - v n+p ) -7 = 0. (4) 

These equations are obtained from the (p, — l)-traveling wave reductions of the corresponding partial 
difference equations of the form 

/(^,m)^+l,m,^,m+l,^+l,m+l) =0, (5) 
where we have taken v n = ui m with n = I + nip, introducing the periodicity ui^ m = ui-\. p ^ m —\, cf. 

QUI Eg. 

The corresponding d = p + 1 dimensional maps derived from equations (J2j), ([3]), ((4|) are M. d — > Mr, 

(Vl,Vl, . . . l-> (^2,^3, . . -,V d+1 ), (6) 

where 

1 a 1 v 2 v d + a 3 _ Piv d + /3 2 v 2 _ 7 



v d+1 = v l ■ , v^i = v x - — — , v d+ i = Vl 



a 2 v 2 v d + a 1 (3iv 2 + /3 3 v d v 2 -v d 

respectively. The integrals of sine-Gordon and mKdV maps can be expressed in terms of multi-sums of 
products, which we call Theta: 

Q a r{[fi]:= £ ri(4) ( - 1)J " (7) 

a<ii <i2<---<«r<6 i=l 

with fi = ViVi + \. In [16] it was shown that [d/2\ integrals of the sine-Gordon map are given by 

J r = "i — @ 2 ;,i + — Q 2 ;,o + "2e 2 ; +11 + a 3 e 2 ; +10 , o < 2r < d - 1 (8) 

\ "1 / 
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and [(d — l)/2j integrals of the mKdV map are given by 



rmKdV a ( 1 /^l.d— 1 \ , n r.l,d— 1 , a 



< 2r < d. 



0) 



In [13] it was shown that \_(d — l)/2j integrals of the pKdV map are given by 



JPKdV = iP^ + ^-^^ + ^-^^^ + ^^ + CCUd-l " " «2) " 7) *?' d - 2 , (10) 



with Cj = — Wj+i and fa = l/(cjCj+i). In this paper we will prove that the integrals ©,© an d ([TP]) 
are in involution with respect to accompanying symplectic structures. 

The paper is organized as follows. In section 2, we prove the involutivity of integrals of the sine- 
Gordon maps. Firstly, we consider the odd-dimensional maps. We introduce a transformation to reduce 
the dimension of the map by one and we present a symplectic structure of the reduced map. Then we use 
properties of Theta with respect to the Poisson bracket associated to this symplectic structure. These 
properties are proven in Appendix A. To prove the involutivity of the integrals, we write the Poisson 
bracket {I r ,I s } as a polynomial in a>i, a 2 , 03 and prove that all the coefficients of this polynomial vanish. 
Secondly, we consider the even-dimensional map. We provide a symplectic structure for it, and show 
that it relates to the symplectic structure for the odd dimensional map. Therefore, many properties of 
Theta with respect to the new Poisson bracket can be obtained directly from the ones with respect to 
the old Poisson bracket. The proof of involutivity is similar to the first case. 

In section 3, we present relationships between symplectic structures of the sine-Gordon and mKdV 
maps. We use these relationships to derive analogous properties of Theta with respect to the Poisson 
bracket of the mKdV maps. Involutivity of the integrals of the mKdV follows from these properties. 

In section 4, we prove that the integrals of the pKdV map are in involution (with respect to the 
approriate symplectic structures). We again distinguish even and odd dimensional maps and present 
a relationship of symplectic structures between the two cases. For the even-dimensional map, the 
properties of multi-sums of products, Vl/, with respect to the symplectic structure are proved by induction 
in Appendix B. For the other case, the properties of \& with respect to its symplectic structure are 
derived from the previous case. The involutiviy of integrals (|10p is proved by using these properties. 

2 Involutivity of sine-Gordon integrals 

In this section, we distinguish two cases: the odd-dimensional and even-dimensional sine-Gordon maps. 
In [16] it is shown that for the even-dimensional map, we have enough integrals for integr ability. For 
the odd-dimensional map, we need to reduce the dimension of the map by one. We expand the Poisson 
bracket between two integrals {I r ,I s } as a quadratic polynomial in the parameters ai, a 2 , 03 and prove 
the involutivity of integrals © by showing its coefficients vanish. 

2.1 The case d = 2n + 1 

Using a reduction fa = ViVi+i, we obtain a 2n-dimensional map 



where < r < [(d - 1)/2J and 




(11) 



sG:(/i,/ 2j ... 



hn) !-> C/2, /3> • • • j f2n, 



hfi ■ ■ ■ /2n(«l/2/4 ■■■f-2n + "3/3/5 • • • /2n-l) 



(12) 



/l/3 • • • /2n-l ("2/2/4 • • • hn + a 1/3/5 ■ • • hn-l) 
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This map has n integrals given by 

tsG 

■*■ 1- 



a i 



/2/4 • • • fin l,2n . /l/3 • • • fln-\ l,2n \ , /-il,2n . ,-.l,2n 

Tl f H 2r,l + ~f~f f H 2r,0 + a 2^2r+l ,1 + a ^2r+l ,0' 

/l/3 • • • Hn-l HH ■■■ Hn 



(13) 



where the argument of is fi and < r < n — 1. 

A symplectic structure for the map (|12p is given by 0|n> wnere 



Sip 



/ /i/ 2 /1/3 /i/ 4 

-/2/1 hh hh 

-/3/1 — /3/2 73/4 

\-fpfi -fph -fpfs — /p/4 



fifp-i 
hfp-2 



hf P \ 

hfp 



hfp-i hfp 



'fvfi 



(14) 



pjp—i 



/ 



cf. [3 [12] . One can verify that dsG ■ 0| G • dsG T = il| G o sG. Let g and /i be functions differentiable 
with respect to the /j's. The symplectic structure f2p defines the following Poisson bracket 



{g,h}f = V f (g)-nf-(X7 f (h)) T 

V f f ( 99 dh - dg dh \ 
i^/ lJj \dfidf 3 dfjdfj- 



(15) 



We will prove that integrals (|13p are in involution with respect to the symplectic structure 0|?, i-e 
{If. , Ig G }f = 0, for all < r, s < n — 1. The proof is based on the following explicit expressions for 
the Poisson bracket between Theta multi-sums, which are proved in Appendix A. 



Lemma 1. Let 1 < r, s < p and e € {0, 1}. We have 

( 



r, s are 6ot/i odd or 6ot/i even, 
r ewen, s odd and r > s, 



i>0 



(16) 



^^(— 1) J 1 6^j e 6^ ie r even, s odd and r < s. 



i>l 



Note that the right hand side of ( tip]) is a finite sum. 

The next proposition provides the Poisson bracket between two Theta multi-sums with different 
values of e. 



Lemma 2. Let 1 < r, s < p. 

1. If r = s (mod 2), we have 

£). If r ^ s (mod 2), we /iave 

©!•?}/ 



V ^ W r-l-2Li/2j,j W s+l+2LV2j,i+l 

E(-ir©^ 



-l-2Li/2j,i^r+l+2Li/2j,i+l 



r < s, 



r > s. 



(17) 



i>0 



B-ir 1 ©-^!©^ 

i>0 



r ode?, s even, 
reven, s odd. 



(18) 
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Using Lemma [T] and Lemma [21 we have the following corollary. 
Corollary 3. Let r and s be both even or both odd and let e G {0, 1}. Then 



{6^,6^ + {6^,6^},= 

{ejf ltetl ,ei*} / + {ej* 6^^}/ = 

Theorem 4. Let < r, s < n - 1. Let Z? G , F G 



o, 

R l,p R l,p _ q1,Pa1,P 



r, s even, 
r, s odd, 



e±l> 



r, s ei>en, 
r, s odd. 



(19) 
(20) 

(21) 



given by formula U3\) . Then 
0. 



Proof. First of all, we denote 



F 



fih ■ ■ ■ hn-l 



• • • hn 

For any g(fi, f 2 , ■ f 2n ) we find {F ±1 , o}/ = ±F ±1 E f g, where 



i>l 



(22) 



which scales any homogeneous expression by its total degree. Every term in the multi-sum has total 
degree if r is even and degree (— l) e+1 if r is odd, hence 



if r even, 

Ti-iyF^el* if r odd. 



(23) 



Now we expand {Lf. G , /f G }/ in terms of polynomials in a\,a 2 , 03 as follows 

{L* G ,I* G }f = a\A% + o? 2 A 2 + a|^3 + a\a 2 A\ 2 + 0103^13 + 0203^23, 



where 



At 
A 2 
A 3 
An 

A13 

A23 



{F-^iS + FQ^, F^Gg? + F@lf^}f, 

i t: '2r+l,l' t *2s+l,l//' 
i t: '2r+l,0' t *2s+l,0J'/' 

2r,l ' 2r,0 ' 2s+l,l 1/ ~>~ I 2r+l,l' H 2s,l + ^ W 2s,0 //> 



>l,2n ,-.1,271 



2^+1,0 J7 + {©2r+l,0' ^ 1 ®2s,l + -^©2s,0 }/' 
l,2n 



\li 2rl l 



2r+l,0' ©2s+l 



!>/• 



We prove that all these coefficients equal 0. Using Lemma [H and Corollary El we have A 2 = A3 
A23 = 0. We now expand Ai,Ai 2 and ^13, we obtain 



M = f- 2 {q^\ eg?} + {ej£, eSJ} + {ejft, eg} + f 2 {g^, g 1 * 2 " 



'2r,0 ' w 2s,0 



} 



+ ©^©S + egjegftF, f- 1 } + egeSr 1 ^} + g^g^f, f} 



^ ' -" °2^]{F~' , F~ ^ 

il,2n rnl|2n 



+ ^ (eg?{ej#, + eJ#{*-\ eg?}, + eg?{eS#, F} y + g^{f, ejft 
+ * (e^*^- 1 , eg?}/ + egfeg, f- 1 }/ + g^{f, ejft}, + eg?{ej# , f} ; ) 
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where the second and third terms cancel each other, due to (|19p . and all other terms vanish according 
to equations (fT6|) . and ([23]) . 
We also get 

M2 = f- 1 ({e^, ea il } / + {ejfy, eg?}) y + f ({g^, egy, + {e^ 1>l5 eg*}/) 
+ e^r^a,^ + @^{f, eft,}; + egje^y.r 1 }/ + egie^,^}; 

p— 1 / /-vl,2n/-vl,2fi p.l,2n p.l,2n\ \ j? ( olj2TiQl,2n p,l,2n p.l,2n\ 

— ^ ^ W 2r,l W 2s+l,l ~~ W 2r+1, 1^23,1 / + ^"2s,0 t *2r+l,l ~~ ^s+l.l^r.O J 

p-lO 1 ' 2 ™^ 1 ' 2 ™ i Z?C\ 1 > 2n C> 1 > 2n i p-lft'-^ft 1 ' 2 " Z?a 1 ' 2n a 1 ' 2n 

-T 2r,l 2s+l,l ' 2r",0 2s+1,1 w 2s,l w 2r+l,l r u 2s,0 u 2r+l,l 

= 0, 

where we have used ((20]), (HU, and ([23]). Similarly we get ^i 3 = 0. Hence, we have {^ G ,/| G }/ = 0. □ 



2.2 The case d = 2n 

In this section, we consider a 2n-dimensional map 

SG : (VI,V 2 , ■ ■ ■ ,V 2n ) (^2,^3, • • • ,«2n,Wl 



"2^2^ 2n + «1 ' 



This map has n integrals given by 



V2n 



'2r,0 



. ^l,2n-l , l,2n-l 
+ a20 2 r+l,l + a 3«2r+l,0> 



(24) 



(25) 



where < r < n — 1 and the argument of Theta is /j = VjWj+i. The sine-Gordon map (|24|) has a 
symplectic structure fi 2 n> wnere 



^ Ui^2 V1V4 

-V2V1 
—V3V2 







-v p v 3 



t;iv p \ 

V2V p -l 



j 



(26) 



cf. [ZlttS]. The Poisson bracket ±X7 v (g)tt s p G (V v (h)) T is denoted {g, h} v . Before we prove that the 
integrals (]25p are in involution with respect to this bracket, we first establish the following Poisson 
brackets between Theta multi-sums: 

{©r'e > © s '?}u = {®r'e) ®a,'?}/l/i=«i«i+i' 

where the right-hand-side is given by Propositions [T] and [2] This follows as a corollary from the next 
Lemma. Consider the map W — > R p_1 , 

G p : (vi,v 2 , ...,v p )t-> (v 1 v 2 ,v 2 v 3 , . . .,v p -iv p ). 

Lemma 5. With g, h differentiable functions on MP -1 we have 

{g oGp,hoG p } v = {g,h} f=Gp{v) , 

i.e. G p is a Poisson map. 
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Proof. The (p — 1) x p Jacobian of the map G p is 

/ v 2 v i • • • \ 
v 3 v 2 • • • 



dG p 



: 
\ • • • v p v v -\ J 



By direct calculation, we have 

dG p ■ Qf ■ (alG p ) T = 2Q p % | f=Gp{v) . (27) 
Applying V to (g o G p )(v) = g(f)\f=G p (v) (and omitting some arguments) we find 

V„(ffoG p ) = Vf(g)dG p \ f=Gp ( v) . 

Hence, we have 



{g°G p ,hoG p } v = -V v (goG p )nfV v (goG^ 

1 



2 ■ u\j — yj--p ■ u\a —pi 

~V f (g)dG p \ f=Gp{v) nf(Vf(h)dG p ) T \ f = Gpiv) 



= V/(0)n^(V/(/or | /=GpW 

= {3,M/=G p (u) 

□ 

Now we will prove the involutivity of the integrals (|25j) of the sine-Gordon map (1241) . 
Theorem 6. Let J^ G and J| G , with < r, s < n — 1, be given by the formula A25\) . Then we have 

{lf,lf} v = 0. 

Proof. With V = v\jv 2n we have 

{V ,0*} V -V E,0* - | T{ _ irv±@ i,P ifrQdd 
The Poisson bracket between 2 integrals is expanded as 

{Lf G , I* G } V = a\Bi + a 2 B 2 + a^B 3 + a x a 2 B X2 + a^B^ + a 2 a 3 B 23 , 

where the coefficients Bj are similar to the Aj given in section [2"7T| replacing F by V and 2n by 2n — 1. 
The rules for simplification are also similar. Therefore, {/^ G ,/| G }^ = 0. □ 

3 Involutivity of mKdV integrals 

We consider the d-dimensional mKdV map 

(v 1 ,v 1 ,...,v d ) h-> v 2 ,v 3 ,...,v d ,v 1 - — — . (28) 

V Piv 2 + p 3 v d J 

As shown in [16], this map has \_(d — l)/2j integrals given by the formula Q with < 2r < d. If 
d = In + 1, the map (|28p reduces to a 2n-dimensional map with exactly n integrals via a reduction 
z% = Vi+i/vi. For the other case, where d = 2n + 2, the map (|28[) reduces to a 2n-dimensional map with 
exactly n integrals via the reduction z% = Vi+ 2 / V{ . We will show that the integrals of these reduced maps 
are in involution. In each case, we present a relationship between the relevant symplectic structures 
and the symplectic structures of the sine-Gordon map in the even case (|14p . This relation can be used 
to derive properties of Theta with new symplectic structures. 
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3.1 The case d = 2n + 1 

Using the reduction z$ = Vi + \/vi, we obtain the map 

mKdV : (zi, z 2 , . . . , z 2n ) ^ (z 2 , z 3 , . . . , z 2n , 
The integrals of this map are given by 



1 



(i\z 2 z 3 ...z 2n + (3 2 



z x z 2 ...z 2n Pi + f3 3 z 2 z 3 



Z2r 



rmKdV 



/3i z\z 2 . . . z 2n Q 



l,2n 
2r-l,0 



+ 



ZlZ 2 ...z 2n 



(29) 



(30) 



where arguments for Theta are fi = z\z\ . . . zf_ 1 Z{. Here we have used an 'inverse reduction', Vi = 
v\z\z 2 ■ ■ ■ Zi-\ to express fi = t>it>i+i in terms of the Zj and we omitted the v\ dependence as both the 
integral and the map do not depend on it. 

We obtain a symplectic structure $7f^ dV for the map (|29p . where 



/ 







mKdV 





-z 2 z\ 

Z3Z1 



Z\Z 2 



-z 3 z 2 



-Z1Z3 

z 2 z 3 




ZlZi 
Z 2 Zi 

Z3Z4 



VC-lJP-^Zl {-1) P Z P Z 2 (-l)P-l Zp Z 3 (~1)%Z 4 



(-l)Pz lZp \ 
(-1)p- 1 z 2 z p 

(-iy- 2 z 3Zp 







(31) 



/ 



22 2 \ 

;••••) Z\ Z 2 ■ ■ ■ Z p _iZp) 



cf . [12] . This gives us a Poisson bracket {g,h} z = V z (g)nf^ dV (V 2 (/i)) T . As before we can express 
the z-Poisson brackets between Theta multi-sums in terms of the corresponding /-Poisson brackets. 
Consider the map 

M p : (zi, z 2 , ■ ■ ■ , z p ) 1-4 (zi, zfz 2) 
We have the following result. 

Lemma 7. With g, h differentiable functions on W we have 

{g o M p , h o M p } z = {g, h} f=Mp{z) , 

i.e. Mp is a Poisson map. 
Proof. The p x p Jacobian of the map M p is 







dM n 



i— 1 Ji 



I < J, 
i = 3, 



nr=i 

^z-'UlAzl i>j. 



and a calculation shows 



dM p .^ KdV .dMj = ^ G | /=Mp(z) . 



(32) 
□ 



The argument is finished along the lines of the proof for Lemma 

We are ready now to prove the following theorem 
Theorem 8. Let /™ KdV and /™ KdV be given by the formula !130\) with 1 < r, s < n. Then we have 

{/ r mKd V s mKdV } 2 = 0. (33) 
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Proof. With Z = {z\Z 2 . . . z 2n ) 1 we have F^ 1 o M 2n = Z^ 1 . Thus, Lemma [7] implies 

r 7 ±i R i,2rn _ J if r even, 

{z }z -\ Ti-iyz^el^ if r odd. (34) 

Writing the left hand side of equation ([3"3"j) as 

{/ mKdV ; pnKdV ^ = ^ + ^ + ^ + ^p^ + ^p^ + ^p^ ^ (35) 

yields coefficients Pj similar to the Aj given in section [27T] replacing F by Z, It by 2r — 1, and 2s by 
2s — 1. Now that we know the brackets between Z, Z~^, and the e^ 2 ™, we can expand the coefficient 
and show they vanish. 

As before, the coefficients P2, P3, and P23 are the easy ones. For Pi we get, using equation (?? and 
Lemma [7| in conjunction with equations (|19|) and (|16p . 

Pl = Z (©2s 2 -l,o{®2r 2 -l,0> Z }z + ®2r-lfi{ Z i ®2s-lfl}z + ®2s- 1,1 {©2^-1,0 ' Z Hz + ®lr-l,l{ Z ^ ®2s-lfi} 

-l ((2.1,271 r^.lfin ry\ . ^.1,2x1 r/7— 1 r\ l < 2n 1 1 m 1 ' 2 " f? r* 1 ! 2 ™ 1 1 r* 1 . 2 ™ rr* 1 ' 2 " 



+ ({®2r-l,0' ®2s-l,l}« + {®2r-l,lJ ®2s-l,o}«) 

7 2 /'-A 1 ' 2 ™ (=» 1 ' 2n _i_ ft 1 - 2 ™ <'_1 N i 1 P> 1 ' 2n ^ _i_ 7~ 2 /'_(=» 1 ' 2n Cl 1 ' 2 ™ 1 ftl,2" cd, 2 ™ 
^ \ 2s — 1,0 2r — 1.0 2v — 1,0\ L ) ^2s-l,0 ) "r ^ I ^2s-l,l w 2r-l,l "•" ^2r-l,l w 2s-l,l 



t ^t^2r-l,0' ^2s-l,l/z t l°2r-l,l> w 2s-l,0J 

I pA,2n (~>A,2n ,~.l,2n p.l,2n . ,~.l,2n (~\l,2n p.l,2n p.l,2n 

+ W 2s-l,l W 2r-l,0 ~~ W 2r-l,0 W 2s-l,l + W 2s-l,0 W 2r-l,l ~~ W 2r-l,l W 2s-1,0 

= 0, 

where we have used (fMj) and and (Tl9|) . 
Expanding P12 yields 

P12 = £ ({elf liOI eg}, + {eg, e& i0 },) + z-^ ({e^ M ,eg}, + {eg, eg 1;1 } 
+ eg\ {z, eg}, + eg%{eg, z} z + e^r 1 , eg} + eg M {eg, z- 1 }, 
= 0, 

where the first and the second terms, as well as the third and the fourth terms cancel each other, and 
the last four terms are equal to zero. 

Similarly, we get P13 = 0. □ 

3.2 The case d = 2n + 2 

Now using a reduction wi = Vi + 2/vi, we obtain the map 

"~r>^> i \ . ( 1 /3 1 w 2 w 4 ...w 2 n + AA 
mKdV : {wx, w 2 , . ■ ■ , w 2n ) i->- [w 2 , w 3 , . . . , w 2n , • a , a • (36) 

V W1W3... W 2n -1 Pl + P3W2W4 ■ ■ ■ W 2n J 

Integrals of this map are given by 

rmKdV _ / l,2n+l . ' n l,2n+l \ ,-.1,271+1 ^1,271+1 



/™^ av = ai w 2 w4 • • • ^2ne 2 ;_ 1 h ® 2r -i i + «2e 2 ; 1 + a 3 e 2 ; , (37) 
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where = 0[e$] with ej = with / = 1 and /j = t^iu^ . . . u?j (i > 0). Note, we have changed 

notation in order to relate the next Poisson bracket to the bracket {, }/. The argument of is ViVi+\ =: 
ej. In the 'inverse reduction', we have 



V2 lip 1 ! 



n 
n 



2i + l, 
21 



Therefore (similar to the case d = 2n+l) both the reduced map as well as the reduced integrals depend 
on the variables wi. Using ([56]) . we obtain 



K p : (wi,w 2 , ...,w p ) h4 (iwi, 10x^2, . . . ,it?i«)2 • • • Wp). 
z«2n- Then, the integrals can be written 



Let 

and W = W2W4 



rmKdV 



J,2n 



2r-2,l 
1.2n , ol,2n 



■f kk I KJ 2r—l,X + u 2r-2,0 



+«2 ^©2r,l + 2r-l,O ) + «3 (^2r,0 + 2r-l,l 

where G = @[fi] with / = K p (w). 

The map ([36]) has a symplectic structure 0§^ dV , where 





x l,2n 



(38) 







mKdV 



/ 

-U>2Wi 





V 








W\W2 


-W3W2 






W2W3 




... \ 

... 

w^Wi ... 

Wp-iWp 

-wpWp^i y 



(39) 



This gives us a Poisson bracket {g,h} w = V w {g)n^ dy (y w (h)) T . Once again we can express the 
w-Poisson brackets between Theta multi-sums in terms of the corresponding /-Poisson brackets. 

Lemma 9. With g, h differential functions on W we have 

{g oK p ,ho K p } w = {g, h} f=Kp(w) , 

i.e. K p is a Poisson map. 
Proof. This follows from 



dK p Q£ dK p = £l S p G \f =Kp ( w ) 



(40) 
□ 



Because F ±l o K2 n = W ±l this Lemma implies that {W, W 1 } w = 0, 



{W 



±1 



l,2n 



if r even, 

Ti-iyW^Ql'^ if r odd, 



and we can also evaluate the brackets between O rj ' 2n . Thus, the following theorem can be proven by 
mechanical expansion and evaluation of the bracket. 

Theorem 10. Let /™ KdV and I™ KdV be given by the formula {37|). Then 



{I 



mKdV rmKdV 



rmKdV \ 
> J s h 



0. 
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4 Involutivity of pKdV integrals 



In this section, we prove the involutivity of the integrals of order-reduced pKdV maps. Similar to the 
sine-Gordon map, we consider two cases where the dimension d of the map (j3J) is even or odd. Here, 
in both cases there are not enough integrals for integrability, and therefore we perform reductions. We 
present symplectic structures for the reduced maps in both cases and give a relationship between these 
symplectic structures. For the case where d is even, properties of multi-sums of products, ^, with 
respect to its symplectic structure are proved in Appendix B. For the case where d is odd, the Poisson 
bracket between ^ multi-sums are derived from those in the even case and the relationship between 
the two symplectic structures. 



4.1 The case d = In + 2 



We have a (2n+2)-dimensional map ([6]). The integrals I r of this map are given by (jlOp with < r < n— 1 
which are not enough integrals for integrability in the sense of Liouville- Arnold. Therefore, we use a 
reduction a = v i — Vi+2 to reduce the dimension of the map by 2. From equation 0, we obtain the 
following map: 



pKdV : (ci,c 2 , . . . ,c 2n ) ' y (c 2 ,c 3 , . . . ,c 2n , 



This map has exactly n integrals given by 
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C2 + C 4 + • • • + C 2n 



ci - c 3 



C2n-1; 



(41) 



rpKdV =<S) l,2n-l 
± r ^ r— 1 



(C 2 + C 4 + . . . + C 2n )* r f 1 2 



(ci + c 3 + . . . + c 2n -i)^ 2 ^i 1 



2,2n-2 
r-2 



+ ((Cl + C 3 + . . . + C 2n _i)( C2 + C 4 + . . . + C 2n ) ~ 7) *r 



l,2n-l 



(42) 



with r = 0, 1, . . . , n — 1. The map is symplectic, we have dpKdV • dV • dpKdV T = fi,? dV ° pKdV 



where 



KdV 





1 





0... 


o\ 


-1 





1 


0... 








-1 





1... 
















1 


\o 







-1 


0/ 



(43) 



which is given in [7J[l2]. The corresponding Poisson bracket is denoted {g, h} c = V c {g)Q^ d ^ (V c {h)) T . 
We prove that the integrals of the map pKdV are in involution with respect to this Poisson bracket. 
The proof is based on knowledge of the Poisson brackets between two \& multi-sums which is given as 
follows. 



Lemma 11. Let p > 1 and < r, s < [_(p + l)/2j . Then we have the following identities 

{^, + Vl*} c = 0. 

A corollary 1171 derives from this Lemma is given in Appendix B. 
Theorem 12. For all < r, s < n — 1, we /iaue {/ r , J s } c = 0, where I r ,I s are given by ffllfy . 



(44) 
(45) 
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Proof. To prove this theorem we need the following formulas. Let g(c\, c 2 , . . . , c 2n ) be a differentiable 
function on M 2n . Denote 



C\ = ci + c 3 H h c 2n _i, C 2 = c 2 + c 4 H h c 2n , 



we have 



In addition, since we have 



{g,Ci} c 



dg 
do 



2n 



, {g,c 2 }c 



dg 



(46) 



a.b 



CHI*? 6 + ^i" 1 and * 



a, 6 
r 



a+2,6 
r— 1 ' 



we obtain 



^ b and 



^a.6+1 



a+1,6 



Now we write {J r , I s } c = Ai + A 2 + A 3 + At + A 5 + A 6 + A 7 + A 8 + Ag + A 10 + A n , where 



A 2 
A 3 
A 4 
A 5 
A 6 
A 7 
A 8 
A 9 
Aio 
A n 



r-l 

r T l,2n-l r xT/ 2,2n-l 



s-1 



G 2^ s _i } c , 



r r-l ) ^s-2 
,l,2n-2 



2,2n-l- 
s-1 
2,2n-2-, 



- s-1 
,2,2n-l 



}c + {Ci* r _ 1 

,2n 
■ *s-2 

,-2-, 

1 



2,2n-l ^, lTr 2,2n-l-| 



} c +{* 2 L 2 r 2 ,e 2 r 2 K 



-{Ci* r -i 

,l,2n-l 



{C2K-I 



r-l 1 *s-2 }c 
2,2ra-l , T ,2,2n-2 n 



-,2,2n-2 



7)* 



l,2n-2-) 
s-1 J 
2,2n-li 



s-2 }c 

KlT 1 , (Cic 2 - 7)*s i ' 2n ^ i } c - {{Cic 2 

1 ' 2n - 2 (CiC 2 - 7 )* a 1 ' 2n - 1 }c-{(Ciu 2 
7)*i' 2n - 1 }c - {(Cia 

l,2n-l 



l,2n-l . T/ l,2n-li 

1 JO 



> *s-l 
?2> 



{(C r iC 2 - 7 )*J' 2 ^ 1 J C a *;!* , - 2 } Cj 
7)*^ 2n - 1 ,C 1 * 2 L 2 r 1 }c, 



{* 2 i 2 r 2 , (c lC2 



7)*r n " 1 }c + {(C 1 C 2 -7)* 
7)^' 2n ~ 1 ,(C 1 C 2 - 7 )*s 1,2n " 1 }c. 



l,2n-l . T ,2,2n-2i 

' w s-2 JC) 



{(ClC 2 

Using Lemma [TT], Corollary [17] and formulas fj46f) , we have 



At 
A 2 

A 3 
A 4 

A 5 
A 6 



^l,2n-2 VI> 2,2n-l 

1 1 8 — 1 

x j / 2,2n-l vJ/ l,2n-2 

8—1 r— 1 

|J/ 2,2n-l v j / l,2n-2 
r— 1 s—1 



^l,2n-2^2,2n-l 
s— 1 r— 1 



+c 2 (^L 2 r 2 ^' 2n - 2 



* 2 5 _1 *s- 2 r 2 + Ci (^r 1 * 2 - 2 ™" 2 - ^rV' 2 "-- 



■ s-1 



r-l 

2n- 
-1 



^l,2n-2|p2,2n-2 
r— 1 s— 1 



r-l 



^jy2,2n-l^l,2n-2 
^ s-1 *r— 1 ' 



^yl,2n-2^y2,2n-l . ^2,2n-lviyl,2n-2 
^s-1 ' *V-1 ^s-1 ' 



r-l 



r-l 



-cw* 2 ^- 1 * 2 ' 2 ^ 2 



r s-l 



^l,2n-2^2,2n-2 

r— 1 s— 1 

^2,2n-1^2,2n-2 
s— 1 r— 1 



It follows that Ai + A 2 + A 3 + A 4 + A 5 + A 6 = 0. Now we show that A 7 + A s + A 9 + A w + A 
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We also have 



A 7 = Ct( l,2n-ltf2,2n-l 



^l,2n-l^y2,2n-l 



,1,271-1^1,271-2 



^1,271-1^1,271-2 

1,271-2^1,271-1 _ 

L s 

1,271-2^,2,271-1 
r-1 w s 

2,271-1^1,271-1 _ 
L r 

2,2n-l, Tr l,2n-2 



,1,271-1 iT ,2,2ti-1 



^l,2n-l^l,2n-2) + ^ , ^x^-z^ 



+ c 1 c 2 (^' 2 "- 1 f 2 - 2n - 2 



A 9 

Aw 
An 



Ci(CiC 2 -7) (^' 2n " 1 * 2 ' 2n - 1 



^ l,2n-l^,2,2n-n , £ / 

* s r / ^ w l \ ^s— 1 r r— 1 s 



+ CiC 2 ^1.2n-l*^~ 2 - ^ 
■{ClC 2 -i) ^2.2n-l^l L 2n-2 _ 

(CiC 2 - 7 )Ci (^p™- 1 ^ 2 ' 2 "- 1 



1,271-1^2,271-2 



-1 



^l,2n-2^1,2n-l 
^ s-1 w r 



^l,2n-2^2,2n-l 



^,2,2n-l^l,2n-l 



+ (^(72-7) *rr ^ 



^2,2n-l^l, 2n -2 
w r— 1 w s 



^2,2n-l^l,2n-2 _|_ ^2,2n-l^l,2n-2 _ ^2,2n-l^l,2n-2 



r-1 

1,271-1^2,271-1 



+ (* 



1,271-2^1,271-1 



-1 



1,271-1^1,271-2^ 



(C lC2 - 7 )C 2 . 

This implies A7 + A$ + Aq + A\q + A\\ = 0. Therefore, we have {I r ,I s } = 0. 
4.2 The case d = 2n + 1 

We introduce a reduction m = Vi — Vi+\. We obtain a 2n-dimensional map 



□ 



pKdV : (ui,ui, . . . ,u 2n ) H- (u 2 ,u 3 , . . .,u 2n , 
with n integrals (0 < r < n — 1) 
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U 2 + U 3 + . • • + «271 



Ui - U 2 



U2n) 



(47) 



/PKdV = ^n-2 _ + ^ + + U2n) ^l L 2n-3 _ ^ + ^ + + 

+ ^ 2 " 3 + ((«2 + U 3 + . . . + U2n)(«l + n 2 + . . . + U 2n _!) - 7) ^> 2n " 2 , 



2,2n-2 



(48) 



where the argument of ^ is fa = l/(cjCj+i) with a := tij + Uj+i- Based on the method given in |12| . we 
obtain a symplectic structure tl^n^ f° r ^ ne ma P (S3)) where 



/ 



fi pKdV 



-1 1.. 

1 -1.. 

1.. 



(-l)p-l (-I)P- 2 

v (-i)f (-lr 1 



-i) p \ 
1 

1 

/ 



(49) 



The Poisson bracket is denoted {g, h} u = V u (g)Q^ dV C^u(h)) T . Next we present a relationship be- 
tween the two symplectic structures (|43p and (|49p and the corresponding Poisson brackets. Consider 
the map 

Q p : (ui,u 2 , . . . ,u p ) (u\ + u 2 ,u 2 + u 3 , . . . ,it p _i + u p ). 



Lemma 13. T/ie map Q p is a Poisson map, i.e. 

{/ °Q P ,g° Q P }u = {/, g} c =Q p (u) , 

where /(c) and g(c) are differentiable functions. 



(50) 
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Proof. By calculation we obtain 



(51) 
□ 



Theorem 14. Let 



I r , I s be given by ft48\ ). Then, for all < r, s < n — 1 we have 



Proof. As the following formulas hold, 



{g,u 2 +u 3 + ...+ u 2n } 




(52) 



{g,ui + u 2 + . . . + u 2n -i} 



dg 



(53) 



and the properties of Psi with respect to the bracket {, } u which are the same as those with respect to 
the bracket {, } c , one can prove the involutivity of the integrals (|48p similarly to what we did for the 



5 Discussion 

In this paper, we have proved the involutivity of integrals of sine-Gordon, pKdV and mKdV maps 
directly by using induction and using recently found symplectic structures of these maps. In order to 
prove these maps are completely integrable in the sense of Louville- Arnold [21 [17] , we also need to prove 
functional independence of their integrals which we hope to publish elsewhere |14j . 

It should be noted that the integrals of maps obtained as (p, — l)-reductions of the equations in the 
ABS list p], with the exception of Q^, can be expressed in terms of multi-sums of products, [13] . 
Therefore, it would be interesting to study their symplectic structures and furthermore their complete 
integrability. 
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A Properties of G with respect to the Poisson brackets 

In this Appendix, we prove Lemma Q] and Lemma [21 First of all, the following lemma follows from a 
property of the operator Ef ([22[) . 



case d = 2n + 2. 



□ 



Lemma 15. 




r even 



r odd 



(54) 



Proof. It is because 



{G 



^J^}f = {-l) S f^E f ®l«. 



□ 
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Remark 16. If we introduce tj = 1/fi, then we get 

elm = el'UiU 

We have 

1 ^1 of, Of, <>fj Of; M*« 



j<7 



^ 1 ** " ~dtj dtr^n Wj li=T(/) 



- {®r,e+V @1 s P 6+l}f=T(f), 

where T is defined as follows 

11 1 



A.l Proof of Lemma [TJ 



T : /2, . . . , / p ) i-> . r „ 

Jl J2 Jp 



Proof. We will prove this lemma by induction. The following properties, given in [161 E] wm be used 
in our proof: 

@ a r fi e =& a r^ b + ft iy±1 ^li±V (56) 

Using Remark [TBI it is sufficient to prove for the case e = 1. One verifies that (|16p holds for p = 1, 2 
and for all 1 < r, s < p. Suppose that (116p holds for p — 1 and p (p > 2). We will prove that (I16p holds 
for p + 1. 

Using identity (|55j) . we expand the left hand side of (fl6j) and we obtain 



A,p fc .l,p ,(-l) s+1 i , f (-l) r + 1 + (-l) s+1 r Q l, P c,l,p i . Q l,p nl,P r ,(-l) r+1 ,(-l) s+1 



+ Q l,P r i,P f(- 1 ) s+1 l, + f (-l) r+1 +(-l) i+1 r i,P l,P l. + e 1 * 1,p U ( ~ X) f (-1) 

+ u s-l,ll u r,lwjH-l // ' t^r-ljU w s-l,lJ/ ^ u r-l,l u s-l,l Wp+1 > Jp+1 J 7 

, f (-l) s+1 oi.P r f (-l) r+1 ft l,P i , f (-l) r+1 fi l,P rc)l,P fi- 1 ^ 1 ! (K7\ 

"TJjH-1 U r-l,lUp+l ' w s-l,l// "T Jp+1 ^8-1,11^-1,1' /p+1 //• l°V 

The case r = s is trivial. Now we distinguish 3 cases. 

1. r and s are both even or both odd. Since {O^^G^ 1 }/ = — {©s'i +1 , without loss 
of generality we assume that r > s. 

If both r and s are even, on the right hand side of (I57h the first, third, fifth, sixth, seventh terms 
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vanish. Thus, we have 

{e i f+ i 5 =/ - + i i + {9 i ; p qi*^ + 0^ ll}/ 

+ /p+l®s-l,l{®r-l,l' /p+li/ 

=4+1 [E(- 1 ) ie !-iAi,i + E(- 1 ) i0 ^ ! i©^V,i 

\i>l i>0 
' ^p+l w r-l,l^s-l,l ^p+l^s-l,l w r-l,l 

=4+1 ( Ec- 1 ^ 10 ^ -i4 e & + E(- 1 ) ie ^i e , 1 -i-M 

y>o «>o 
=0. 

If both r and s are odd and assuming r > s, on the right hand side of (|57p the first, sixth, seventh, 
eighth, and ninth terms vanish. Therefore, we have 

=4+i ({©^i,i, + {©JJ, 0^ P M }/) + e^i,i{/pfi, »;,?}/ + ejf lfl {ejy, 4+i}/ 

=4+1 ( Ec-^iW^i - E(- i r l0 -i-,i ^,i I - 4+10^1,1^;? + 4+i^iX? 

Vi>o i>i 

=4+1 ( E(- 1 ) l0 '-l+,l '-U " E^W-W - r- P l,l M + -l,i<'? 
\i>0 j>2 

=4+i (®l'*iA: P i - - e&,i©ij + 0^i,i4+i©S) 

=0. 

2. r is even, s is odd and r > s. We have 
{ @i f +i ;e i ;P +i }/ 

©I'?}/ + {ejf 14> ©^J/ + 4+i -i,i{ -i,i' 4+i}/ + 0^i )1 {4+i' 



=E(- 1 ) i0 X *-\i - E^r^l-i-iA-w +©Si,i^m + 4+i r- P i+ M 
«>o \i>i y 

I 1J U H-i,l u s -i,l + / ^ 1J u s -j-l,l u r-l+i,l + /p+l U r-l,l U s,l 

j>0 i>0 

=E(-i) i ®s?®as. 

where in the last step we used ([55]) . 

3. r is even, s is odd and r < s. We do similarly as in the previous case. Therefore, with e = 1 
identity (|16p holds for p + 1. Then, it holds for all p > 0. 

□ 
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A. 2 Proof of Lemma [2] 

Proof. The proof proceeds by induction again. It is easy to see that (|17p can be rewritten as follows 



Z^i>0 I w r-2i-l,0 w s+2i+l,l ^r-2i-l,l w s+2i+l,0 j ' — *) 



's+2i+l,l w r-2£-l,l w s+2i+l,0, 

V- / 0l,P obp _ obP obP 

Z^j>0 I w s-2i-l,0 w r+2i+l,l w s-2i-l,l w r+2i+l,' 



(58) 
r > s. 



Identities ([XT]) (or ([58]) ) and (fTB"]) hold for p = 1, 2. Suppose that they hold for p — 1 and p (p > 2). We 
will prove that they hold for p + 1. 

Using identity ([55]) . expanding the left hand sides of (fTTj) (or ([58]) ) and ([T8]) . we have 

_ t u r,0 + Jp+1 W r-1,0> w s,l ^ w s-l,lJ7 

_rc,bP obPi , f (-l) r + (-l) s+1 r ft l,P obp i , fibPobP r f (~l) r f(-b s+1 i 
, f (-b s+1 rnl,P obP \ , f (-b r robP obn ifl 1 -? /«bi> f(-b s+1 i 

+ W r-l,oi/p+l '^,1// + /p+1 W s-l,li W r-l,0>./p+l l/ + /p+l H r-l,0\Up+l > H s-l,lJ/- t 5y J 

1. r = s (mod 2). We distinguish 2 cases. 

Case 1: s — r = k > 0, we first prove the following 

B-^^-Vm+^^+x = E(- 1 ) i+e0 '--i, + e ^, l+e+ i- (60) 

i>0 i>0 

The left hand side of this identity equals 

s-1 fe-1 

— ^Y +t ® s-l-i,i+e®r+i,i+e+l + ^T +e ® s-l-i,i+e®r+i,i+e+l 

i=k i=0 
r-1 



-e+1 



^ 1 v r-j-l,f:+j+e v s+j,/;+i+c 

j=0 

*L_1 
2 / 

, \^ ( (_i y+eobP + f_nfe-l-i+ee 1 .P e 1 -? 

' Z_> V w s-l-i,i+e W T-+i,i+e+l ^ v X J s-l-(fc-i-l),fc-j-l+e r+/c-i-l,fc-i+e 

i=0 

r-1 2 1 

E( r _iv +e o 1,p o 1,p 4- ((-] v+ e P) 1 ' p P) 1 ^ 4- r-i y+ e + 1 e 1 >p o 1 ^ 
l L ) ^r-j-lj+e^s+jj+e+l T V ' ^s-l— j,i+e^V+i,j+e+l 1 V ^r+i,i+e+l W s-i-l,i+e 

i=0 i=0 

r-1 



i=0 

which is the right hand side of ([60 
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Now using we expand the right hand side of the first identity of (f55j) . We have 

^ w r-2i-l,0 w s+2i+l,l w r-2i-l,l w s+2i+l,0 ^ 

i>0 

_\"^f«l.P Ql.P -B 1,P B 1,P 4-B 1,p B 1,p -B 1,p B 1,p 

~ / j \ yJ r-2i-l,0 (J s+2i+l,l w r-2i-l,l w s+2«+l,0 ^ VJ r-2-2i,0 VJ s+2i,l ( ~V-2-2j,l VJ s+2i,0 



j>0 

, f (-i) r - 1 viV' p e 1,p -e 1,p e 1,p 

^ ^P+l Z-> \^r-2-2i,0 w s+2i+l,l w r-2i-l,l w s+2i,0 
i>0 

, f (-l) s V- / 1,P Q 1,P _q1,P q1,P 

' Z-> ^ Vj V-2i-l,0 VJ s+2i,l w r-2-2i,lVs+2i+l,0 

i>0 

-Vfe 1 ^ b 1,p -b 1,p p> 1,p + e 1,p e 1,p -e 1,p p> 1,p 

~ / j \ w r-2i-l,0 W s+2i+l,l w r-2t-l,l w s+2i+l,0 ^ w r-2-2i,0 w s+2i,l w r-2-2i,l w s+2i,0 

+ 4;i )s+1 E^ 1 )^ 19 '-!-^ ^ + £(-i)^v* Aw ( 6l ) 

t>0 j>0 

If r and s are both even. Using (|59p and the induction assumption, we have 
r<a 1 >P+ 1 a 1 '^ 1 ! 

E^B 1 ^ _ q1,p q 1 .? "\ 4- ^ fe 1,p P) 1,p -P) 1,p P) 1,p 

I c V-2i-l,0 CT s+2t+l,l w r-2i-l,l v ^s+2j+l,0 J ^ ^r-2-2i,0 w s+2i,l ^r-2-2i,l CF s+2f,0 

i>0 i>0 

^ / ^ ^s+i.i+l ^ w s-l,l r-1,0 "r- 1,0^3-1,1 

j>0 

("l) s+1 



^ J p+1 Z-A ' W s-l-j,j+l W r+i,i' 



i>0 



which equals (|6Tj) by using (|60j) with e = 1. 
If r and s are both odd, we have 

Er b i,p - P) i,p P) i,p ^ + ( P) i,p P) i,p - P) i,p P) i,p 
^ w r-2i-l,0^s+2i+l,l w r-2i-l,l w s+2i+l,0 J ^ Z-/ I C V-2-2i,0 c 's+2i,l w r-2-2i,l^s+2i,0 



+ f(- 1 r^(-i] i e lj ' e 1>p + Vr-iv^e 1 * e 1>p - f (_1) e 1,p g 1,p 

^ Jp+1 Z-A ' ^s-l+i,i+l^r-i,i ^ Z-A ' ^s-i,i+l r-l+i,i J p+1 w s-l,l w r,0 

i>0 

, /■(- 1 )'"b 1 ' p B 1,p 

^ ./p+1 ^r-l,O w s,l 

Er B 1,p B 1,p - B 1,p B 1,p ) + Vf B 1,p B 1,p _ B 1,p P) 1,p 
I w r-2i-l,0 w s+2i+l,l w r-2t-l,l w s+2i+l,0 J + Zv I r-2-2!,0 u s+2i,l w r-2-2i,l w s+2 



t-2i,0 

i>0 i>0 

, vr-iv- 1 ^ 1 ^ e 1,p + f ( ~ 1)r Vr-iV9 1,p e liP 

^ Jp+l Z-A ' u s+!,i u r-l-i,i+l ^ J p+1 Z^^ ' ^s-l-iji^r+i.i+l- 
i>0 i>0 

which equals (f6T]) by using ([60]) with e = 0. Thus, the first identity of (fT7|) (or (|58])) holds for 
Case 2: s — r = —k < 0, identity (fT7|) (or (|58p) also holds by using Remark [TBI 
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2. r s (mod 2). Case 1: s — r = k > With r even, s odd and r < s, we now expand the right 
hand side of the first identity of f|18|) with p + 1. Similar as (|60p . we have the following identities 



B-ir 1 ©^ ^ = £(-1)^i-m+i Xm (62) 

i>0 i>l 

^( — 1)* 1 s ^_i ) i + i@ r +i i i + — 1)* l,i = E^ _ l)*®r-l-t,t©s+i,i+l 

i>0 i>0 i>l 

+ E(- 1 ) W *HW<i- ( 63 ) 

i>0 

We now expand the right hand side of (fTHj) by using ([551 we obtain 

^( — 1)' 1 9 s ^ i+1 9 r +^ =^( — 1)' 1 @s-j,j+l©r+j,j + /p+1 E^ _ ^ 1 ®s-i-l,i+l®r+i-l,i 
i>0 i>0 i>0 

i>0 i>0 

(64) 

For the left hand side of (|18p . using (|59p and the induction assumption, we have 

©If 1 }/ 

= E(- 1 ) i_l0 -Vi SM + 4 2 +i E(- 1 ) i0 -l+M+i r- P l-M 

_i_ f , Z' cil.P pl.P _ ft 1 '? cd.P 

Jp+1 ^ r _2i-l,0 w s-l+2i+l,l w r-2i-l,l w s-l+2i+l,Q 

_i_ f , /^ft 1 '? ft 1 '? —ft 1 '? ft 1 '? ^ _ f tPi 1 '? ft 1 '? _ f 2 ft 1 -? ft 1 '? 

Jp+l / , l^r-l-2i-1.0 W 5+2i+l.l l-2i-l,l w s+2i+l,(y ip+l w r-l,O w s,l Jp+l^s-l,l w r-l,( 

= E(- 1 ) l_l0 ^+i ^ + /?V D- 1 ) 1 *^ 8 ^ + ^ E^^-i-^+W 

i>0 i>l i>l 

=E(- i r l0 ^i 'S 1 

j>0 

where in the final equality we used (|62p and (|63p . That implies that the second identity of (|18p 
holds for p + 1 . 

With r odd, s even and r < s, we do similarly to what we did in the previous case. 
Case 2: s = r = —k < 0, identity (fl~8|) still holds by using Remark [TBI 

□ 

B Properties of Psi with respect to the Poisson brackets 
B.l Proof of Lemma 1111 

Proof. We prove (|44j) and (|45|) simultaneously by induction. We use the following property 

= c b+2 ^ b + tf^i 1 (65) 
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and therefore we get 



K'- (66) 

OC b+ 2 

We see that (1) and (2) hold for p = 1,2, 3. Suppose (1) and (2) hold for p — 2,p — 1 and p. We need 
to prove that (1) and (2) hold for p + 1. Expanding the right hand side of the first identity, we have 

= {c p+2 ^ P , C p+ #} c + {c p+2 ^ P , + {*Jf l\ C p+ 2^ V )c + {t- P -l\ 

= c p+2 ^ p {^ p , c p+2 } c + c p+2 ^{c p+2 , *1*} C + *l> p {c p+2 , *l> p - l } c 
+ ^{^-\c p+2 } c + c p+2 VE^ 1 }, + {W^ 1 . *s' P }c) 



For the second identity, we also have 

Now to prove (1) and (2) hold for p + 1, we only need to prove that 
Using (I65D and the induction assumption to expand T, we obtain 

+ ^-p-Hcp+i, r 1 } + ^• p - 1 {*^r 1 , cp+i} c 

^s— 1 ~ *j — 1 
l,p-2 , Tf l,p-ll , r, T ,l,p-l .T, 1 ^- 2 ! 



= o. 

That means (1) and (2) hold for p + 1. □ 
B.2 Corollary of lemma [TT1 

We obtain the following formulas for (sums of) Poisson brackets of ^s. 
Corollary 17. Let p > I and let r,s G Z. Then, 

2. {^r' b , y a s ' b } c = with 0<r,s< l(b - o)/2j + 1, 
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5. {^ P , * 2 S > P+1 } C + {* 2 r ' P+ \ *1> P } C = 0, 

e. {^> p , vl'^x + {^r 1 , *i> p } c = v 2 ^ 1 *- 1 - ^ p ^ p -\ 

7. {^ p , ^r'lc + *i' p } c = ^ 1 s p - 1 - ^ p ^ p -\ 

8. {^ +1 ,f^} c + {^,^ +1 } c = 0, 

Proof. 1. It follows from the proof of Lemma [TT1 

2. It follows from Lemma [TT1 

3. Using (2) we have {*r' p , *s' p }c = 0. On the other hand, we have 

{*°* *°*} c = {c ^ p + v c ^ p + ttj*}, 

= c ^ p {^ p , c } + co^ p {c , *1> P } C + Co ({^< p , J c + {9%, *^} c ) 

+ ^ P {^% C } c + ^ P {C0, * 2 * 2 } c 

= -CoH! 1 ** 2 '? + c*^* + Co J + {vft, 

Therefore, we get {^ p , *^} c + {*Jf 1} <tf* } c = S^*** - ^ p ^ p . 

4. For this identity, we expand the left hand side. We have 

LHS = *^ " + " c °*ltv *l' P }c 

= *{*} c + *1*} C - c } c - tf&fa, *l> p } c 

= {*l' p , vE%} c + ^' p } c + - tti* 2 s' P - 

By property (3) we have 

{^r P , + *l> P }c = ~ 

It means that {*l' p , * 2 ' p } c + {* 2 ' p , *l' p } c = 0. 

5. One can verify that this identity holds for p = 1,2,3. Expanding the left hand side using 
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we have 

LHS = + ^ l }c + {c p+ 2^ 2 r ' P + ^\ ^s P }c 

= c p+2 ({^, * 2 *} c + {V 2 *, 9l*} c ) + 9 2 *{*1>p, c p+2 } c + * 2 r *{c P+ 2, *1*} C 

+ {*^,*^- 1 } c + {^- 1 ,^} c 

+ {^\ Cp+1 ^- 1 + ^ 2 }c 

- ^.P-1^2^-2 + ^1,^-1^2^-2 + {^,l^-2 ; l^-l^ + {^f" 1 , *Jf f 2 } c 

Therefore, using induction we prove our statement. 

6. This identity follows from the proof of the identity in (5). 

7. We have 

{^' P , + {*^r\ *s' P }c = {^' P , *]' P+1 - C p+2 ^ P }c 

+ {^ p+1 -c p+2 ^ p ,^ p } c 

= -*l>P{*l' P , C p+2 }c ~ *l> P {c p+ 2, *l*}c 
^ s r \ ^ r ^ s 

8. We prove this by induction. This identity holds for p = 1,2. Suppose that this identity holds for 
p — 2, and p — 1 we need to prove that it holds for p. We have 

{ ^l, P+ l ^2, P}c + { ^2,p ^l, P+ l }c 

= {c p+2 ^ p + \pjfr 1 . ^' p } c + {^' p , ^2*;* + ^r'lc 
= {*jf r 1 . ^ 2,p } c + {^r ,p , r x }c - * j****- 1 + *;**2 1 p-i 
= {^r 1 , cp+i*^- 1 + *^r 2 } c + {tvH-i*?*- 1 + * 2 - p r 2 , ^-Vic 

^ r ^ s ' s r 

= {*;?r \ ^ 2 - p 2 " 2 } c + {* 2 ^2 2 , + qh-ic^ 1 . * 2 ' p ^} c + {^-\ 

- $2,^-1^1^-2 + ^2,^-1^,1,^-2 _ ^1,^^,2,^-1 + ^,l,p^,2,p-l 



*r' p * 2,p_1 + *j ,p * 2 



p-i 



Since {*^r\ *2*- 1 } c +{*;^- 1 , = (by (4)), we get ^ p -% = {^ p ~\ * 2 r ^%. 

Similarly, we obtain {* 2,p ~\ tfjff^c = l* 2 ^ 1 ' *r' P_1 }c- Therefore, we have 

= * 1 .P- 1 *2,p-l _ ^l,p-1^2,p-l 

Thus, we get {^' p+1 , * 2 ' p } c + {* 2 ' p , *l' p+1 } c = 0. 
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9. We have 

LHS = ^ - c p+2 *%} c + {^t 1 - c p+2 ^ 2 r % *J*} C 

= + {V 2 r *l\ ^ P }c ~ V 2 *^ 1 *- 1 + ^If" 1 - Cp+2 (^*2, P _ ^1,^2, P) 

Now we have 

{*1*,* 2 *1% + {*1*1\*1*} C 

-*W{c ,^} c 

= VLf 1 >P+ 1 \|/ 2 >P _ V|/ 1 >P+ 1 V|/ 2 >P 

Therefore, we get 

□ 
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